Abstract. We show there exists a closed graph manifold N and infinitely many non-separable, horizontal surfaces {Sn N } n∈N such that there does not exist a quasi-isometry π1(N ) → π1(N ) taking π1(Sn) to π1(Sm) within a finite Hausdorff distance when n = m.
Introduction
A finitely generated group G can be considered as a metric space when we equip G with the word metric from a finite generating set. With different finite generating sets on G we have different metrics on G, however such metric spaces are unique up to quasi-isometric equivalence. The notion of quasi-isometry that ignores small scale details is especially significant in geometric group theory following the work of Gromov. Two quasi-isometries of G are called equivalent if they are within finite distance from each other. The group of quasi-isometries of G, denoted by QI(G) is the set of equivalence classes of quasi-isometries G → G with the canonical operation (i.e, composition of maps). We note that if two finitely generated groups are quasi-isometric then their corresponding quasi-isometry groups are isomorphic.
A compact, orientable, irreducible 3-manifold N with empty or toroidal boundary is geometric if its interior admits a geometric structure in the sense of Thurston. A non-geometric manifold N is called a graph manifold if all the blocks in its JSJ decomposition are Seifert fibered spaces. Quasiisometric classification of graph manifolds has been studied by KapovichLeeb [KL98] and a complete quasi-isometric classification for fundamental groups of graph manifolds is given by Behrstock-Neumann in [BN08] . In particular, Behrstock-Neumann proved that the fundamental groups of all closed graph manifolds are quasi-isometric. Thus, there is exactly one quasiisometry group of fundamental group of closed graph manifolds. When N is a closed graph manifold, the construction of quasi-isometries of BehrstockNeumann is very flexible and produces many quasi-isometric classes in QI(π 1 (N )).
A subgroup H ≤ G is called separable if for any g ∈ G − H there exists a finite index subgroup K ≤ G such that H ≤ K and g / ∈ K. A horizontal surface S N in a graph manifold N is called separable if π 1 (S) is a separable subgroup in π 1 (N ). Recently, Hruska and the author [HN17] show that the distortion of π 1 (S) in π 1 (N ) is quadratically distorted whenever the surface is separable and is exponentially distorted otherwise. Therefore, there does not exist any quasi-isometry of fundamental groups of closed graph manifolds mapping a separable, horizontal surface to a non-separable, horizontal surface. The purpose of this paper is trying to understand whether such quasiisometries exist which map any separable (resp.ṅon-separable) surface to another separable (resp. non-separable) surface.
If the two surfaces are both separable or both non-separable, then the subgroup distortion is not an useful quasi-isometric invariant to look at for the purpose above. Beside subgroup distortion, we remark that there are several other key quasi-isometric invariants of a pair (G, H) in literature such as upper, lower relative divergence [Tra15] , and k-volume distortion (k ≥ 1) [Ben11] , [Ger96] . However, again the k-volume distortion is not an useful quasi-isometric invariant for our purpose above. We show that k-volume distortion of the surface subgroup in the 3-manifold group is always trivial if k ≥ 3, linear when k = 2, and quadratic (resp. exponential) when k = 1 and the surface is separable (resp. non-separable). Relative divergence which is introduced by Tran [Tra15] is quite technical and difficult to compute in general. Recent work of Tran [Tra17] allows us to show that the upper (lower) relative divergence of a separable, horizontal surface in a graph manifold is quadratic (linear) (see Appendix), however the author does not know the upper relative divergence and lower relative divergence in the non-separable case.
So far, none of the invariants discussed above can distinguish between two separable surfaces or two non-separable surfaces. The following questions are natural to ask. Question 1.1. Given a closed graph manifold N . Are all pairs π 1 (N ), π 1 (S) and π 1 (N ), π 1 (S ) with S and S non-separable in N , quasi-isometric? Question 1.2. Given a closed graph manifold N . Are all pairs π 1 (N ), π 1 (S) and π 1 (N ), π 1 (S ) with S and S separable in N , quasi-isometric?
In the questions above, two pairs (G, H) and (G , H ) with H ≤ G and H ≤ G are quasi-isometric if there is a quasi-isometry G → G mapping H to H within a finite Hausdorff distance.
In this paper we show the answer to the Question 1.1 is no. We give examples of non-separable surfaces where such quasi-isometries never exist. The main theorem of this paper is the following Theorem 1.3. There exists a closed simple graph manifold N and infinitely many non-separable, horizontal surface S n N such that none of the pairs π 1 (N ), π 1 (S n ) and π 1 (N ), π 1 (S m ) are quasi-isometric when n = m No example is currently known for separable, horizontal surfaces S N and S N such that π 1 (N ), π 1 (S) and π 1 (N ), π 1 (S ) are not quasiisometric. Thus, we propose the following conjecture.
Conjecture 1.4. Let N and M be two closed graph manifolds. Let S N and S M be two separable, horizontal surfaces. Then there is a quasiisometry from π 1 (N ) to π 1 (M ) mapping π 1 (S) to π 1 (S ) in a finite Hausdorff distance.
Although this paper deals only with graph manifolds, it is interesting to work on other classes of 3-manifolds. We note that if Γ ≤ Isom(H n ) (n ≥ 3) is a nonuniform lattice and Γ is torsion-free then the quotient space N = H n /Γ is a hyperbolic manifold of finite volume. In the setting of non-uniform lattices in Isom(H n ) (n ≥ 3), quasi-isometry of pairs can be intepreted via algebraic properties of groups (see Theorem 1.5) thank to Schwartz Rigidity Theorem. Theorem 1.5. Let Γ and Γ be two non-uniform lattices of Isom(H n ) with n ≥ 3. Let H and H be two finitely generated subgroups of Γ and Γ respectively. Then (Γ, H) and (Γ , H ) are quasi-isometric if and only if there exists g ∈ Isom(H n ) such that gHg −1 and H are commensurable as well as gΓg −1 and Γ are commensurable.
In this section, we review some notions in geometric group theory. Let (X, d) be a metric space, and γ a path in X. We denote the length of γ by |γ|. If A and B are subsets of X, the Hausdorff distance between A and B is d H (A, B) = inf r A ⊆ N r (B) and B ⊆ N r (A) where N r (C) denotes the r-neighborhood of a subset C.
Definition 2.1 (Quasi-isometry). Let (X 1 , d 1 ) and (X 2 , d 2 ) be metric spaces. A (not necessarily continuous) map f :
If, in addition, there exits a constant D ≥ 0 such that every point of X 2 lies in the D-neighborhood of the image of f , then f is an (L, C)-quasi-isometry. When such a map exists, X 1 and X 2 are quasi-isometric. Definition 2.3. Let G and G be finitely generated groups with finite generating sets S and S respectively. Let Γ(G, S) and Γ(G , S ) be the Cayley graphs of (G, S) and (G , S ) respectively. Let H be a subgroups of G and H a subgroup of G . We say (G, H) and (G , H ) are quasi-isometric if the pairs of spaces Γ(G, S), H and Γ(G , S ), H are quasi-isometric.
Remark 2.4.
(1) We note that ∼ is an equivalent relation, and the relation (G, H) ∼ (G , H ) is independent of choices of generating sets for the groups.
finite then (X, A) and (Y, B) are quasi-isometric.
Example 2.5.
(1) Let H ≤ G 1 be finitely generated subgroups of a finitely generated group G. Suppose that G 1 is a finite index sub-
(3) Let F n be the free group on n generators with n ≥ 2. It is well-known that there are two isomorphic subgroups H and K of F n such that H is a finite index subgroup of F n and K is an infinite index subgroup of F n . It follows from (2) that (F n , H) (F n , K). (4) Let M 1 and M 2 be Seifert fibered spaces with the base surfaces have negative Euler characteristic and nonempty boundary. Let S 1 and S 2 be two properly immersed π 1 -injective horizontal surfaces in M 1 and M 2 respectively. The immersion S j M j lifts to an embedding in a finite cover S j × S 1 of M j (see Lemma 2.1 [RW98] ). Since π 1 (S j ) is free, there exists a quasi-isometry π 1 (S 1 ) → π 1 (S 2 ). It follows easily that
Definition 2.6 (Commensurable). Let G be a group. Two subgroups H and K of G are called commensurable if H ∩ K is a finite index subgroup of both H and K.
We use the following lemma in the proof of Theorem 1.5.
Lemma 2.7 (Corollary 2.4 [MSW11] ). Two subgroups H and K are commensurable in a finitely generated group G if and only if H is within a finite Hausdorff distance with K.
Proof of Theorem 1.5. We are going to prove sufficiency. Let equip Γ and Γ with word metrics. Let f : Γ → Γ be a quasi-isometry such that f (H) is within a finite Hausdorff distance with H with respect to the word metric on Γ . By Schwartz Rigidity Theorem [Sch95] (see also, for example, Theorem 24.1 [DtK18] ), there exists g ∈ Isom(H n ) such that the following holds:
(1) gΓg −1 and Γ are commensurable.
(2) Let G be the subgroup of Isom(H n ) generated by two subgroups gΓg −1 and Γ . We note that G is a finitely generated subgroup. We equip G with a word metric. For each γ ∈ Γ, choose y γ ∈ Γ which is nearest to gγg −1 with respect to the word metric on G. Then the map q g : Γ → Γ which sends γ to y γ is a quasi-isometry and q g is within finite distance from f . We will need to show gHg −1 and H are commensurable. Let d H denote for the Hausdorff distance of any two subsets of G with respect to the given word metric on G. By the definition of q g we have
We use the triangle inequality to get that
Thus, gHg −1 and H are commensurable by Lemma 2.7. We now are going to prove necessity. Suppose that there exists g ∈ Isom(H n ) such that gHg −1 and H are commensurable as well as gΓg −1 and Γ are commensurable. Let G be the subgroup of Isom(H n ) generated by two subgroups gΓg −1 and Γ . We equip G with a word metric d, and with respect to this metric we denote d H the Hausdorff distance of any two subsets of G. Since gHg −1 and H are commensurable as well as gΓg −1 and Γ are commensurable, it follows that there is R > 0 such that
We thus define the map q g : Γ → Γ . Since the map Γ → gΓg −1 which sends γ to gγg −1 is a quasi-isometry and q g is within finite distance from the map Γ → gΓg −1 , it follows that q g is a quasiisometry. From the definition of q g , it is obvious that d
Thus (Γ, H) and (Γ, H ) are quasi-isometric via the map q g .
We use the following lemma in the proof of Theorem 1.3.
Lemma 2.8. Let G and G be finitely generated groups with finite generating sets S and S respectively. Let H and H be finitely generated subgroups of G and G with finite generating sets A and A respectively such that A ⊆ S and
Proof. Let e and e be the identity elements in the groups G and G . For any h ∈ H, let α be a geodesic in the Cayley graph Γ(H , A ) connecting ϕ(e) to ϕ(h). We denote ϕ(e) = y 0 , y 1 , . . . , y m = ϕ(h) be the sequence of vertices belong to α. Since H ⊂ N C (ϕ(H)), there exists x i ∈ H such that d S (ϕ(x i ), y i ) ≤ C with x 0 = e and x m = h. Moreover, we have
Since G is locally finite, it follows that there exists a constant R depending on L and
Let ϕ be a quasi-inverse of ϕ, by a similar argument it is not hard to see that constants L and C exist.
It is well known that a group acting properly, cocompactly, and isometrically on a geodesic space is quasi-isometric to the space. The following corollary of this fact allows us to show two pairs of (group, subgroup) are quasi-iometric using the geometric properties of spaces in place of words metrics.
Corollary 2.9. Let X i and Y i be compact geodesic spaces, and let g : (Y i , y i ) → (X i , x i ) be π 1 -injective with i = 1, 2. We lift the metrics on X i and Y i to geodesic metrics on the universal coversX i andỸ i respectively. Let
Graph manifolds and horizontal surfaces
In this section, we briefly review backgrounds about graph manifolds and horizontal surfaces and give some lemmas which will be used in the proof of Theorem 1.3 in Section 5. All 3-manifolds are always assumed to be compact, orientable, irreducible with empty or toroidal boundary. A nongeometric manifold N is called graph manifold if all the blocks in its JSJ decomposition are Seifert fibered spaces. Definition 3.1. A simple graph manifold N is a graph manifold with the following properties: Each Seifert block is a trivial circle bundle over an orientable surface of negative Euler characteristic. The intersection numbers of fibers of adjacent Seifert blocks have absolute value 1. It was shown by Kapovich and Leeb that any graph manifold N has a finite coverN that is a simple graph manifold [KL98] . (N, x 0 ) be a horizontal surface in a simple graph manifold N . Let T be the union of tori in the JSJ decomposition of N . We denote the collecton of circles in g −1 (T ) by C g . With respect to T , let Ω be the dual graph of N . With respect to g −1 (T ), let Ω S be the dual graph of S. Let O(Ω) and O(Ω S ) be the set of oriented edges in the graphs Ω and Ω S respectively. For each oriented edge e ∈ O(Ω S ), the slope of e, denoted by sl(e), is defined as follows. The initial vertex (resp, ternimal vertex) of e is corresponding to a component in S − T g and this component is mapped into a Seifert block, denoted by ← − M (resp, − → M ). Let c be the circle in T g corresponding to the oriented edge e. The image of the circle g(c) in N lies in a JSJ torus T obtained by gluing a boundary torus
Since the surface S is horizontal, neither of a and b are equal to 0. We set
Since we take the absolute value of b/a, we note that the way we define sl(e) does not really depend on choices of orientations of c, ← − β and − → β . Also, for the opposite oriented edge −e we have sl(−e) = |a/b|. In other words, sl(e) · sl(−e) = 1.
The spirality of S in N is a homomorphism w : π 1 (S, s 0 ) → Q * + defined as follows. Choose [γ] ∈ π 1 (S, s 0 ) such that γ is transverse to C g . In the trivial case that γ is disjoint from the curves of the collection C g , we set w(γ) = 1. Let us assume now that this intersection is nonempty. Then C g subdivides γ into a concatenation γ 1 · · · γ m with the following properties. Each path γ i starts on a circle c i ∈ C g and ends on the circle c i+1 . The path γ determines an oriented cycle e 1 · e 2 · · · e m in the graph Ω S . We let w(γ) be the rational number m i=1 sl(e i )). We remark that the sequence {sl(e i )} depends on the choice of curve γ, but the product w(γ) depends only on the homology class of γ since sl(e) · sl(−e) = 1 for each e ∈ O(Ω S ).
Remark 3.4.
(1) The notion of spirality is due to Rubinstein-Wang [RW98] . The name "spirality" was introduced by Yi Liu [Liu17] . The concept has also been called "dilation" by Woodhouse [Woo16] and Hruska-Nguyen [HN17] . We note that the horizontal g : S N is separable (equivalent to virtually embedded) if and only if the spirality of S in N is a trivial homomorphism (see Theorem 2.3 in [RW98] ).
(2) The governor of the horizontal surface g : S N is the quantity = (g) = max sl(e) e is an oriented edge in O(Ω S ) . From (1), we note that if g : S N is non-separable then > 1.
In the following, we use the notation [α] ∧ [β] to denote the algebraic intersection number of two oriented closed curves α and β in a torus T with respect to some choosen orientation on T .
Let g : S N be a horizontal surface in a simple graph manifold N given by Definition 3.3. We have the following lemma that give us an alternative way to compute slopes.
for some intergers m, n, m and n . Then sl(e) = |m/m |.
Proof. Let a and b be integers such that
, By the definition of slope, we have sl(e) = |b/a|. We use the distributive law and the scalar multiplication law of algebraic intersection together with the facts
Thus, |m| = |b|. Similarly, we get that
Thus, |m | = |a|. It follows that |b/a| = |m/m.|. Therefore sl(e) = |m/m |.
We use the following lemma in the construction of surfaces in Lemma 4.1.
Lemma 3.6 (Lemma 2.2 in [RW98] ). Let F be a surface with non-empty boundary, positive genus and χ(F ) < 0. Let M be the trivial Seifert fibered space F × S 1 . We fix orientations of the surface F and the fiber S 1 of M . Let α i i = 1, 2, . . . , t be the collection of oriented boundary curves of the surface F . Let
where β i is a oriented fiber S 1 corresponding to the second factor of M with i = 1, 2, . . . , n. Suppose that c ij j = 1, 2 is a family of oriented simple closed curves on T i and
for some integers u ij and v ij with u ij > 0. Then the union of family c ij j = 1, 2 is a boundary of a connected immersed orientable horizontal surface S in M if the following holds
Remark 3.7. Let S M be the horizontal surface given by Lemma 3.6. By the construction, we note that the number of boundary components of S is 2t. We can compute the genus x of S as the follows. The composition of S M with the projection of M to F yields a finite covering map S → F with degree u. Hence, χ(S) = uχ(F ). It follows that 2 − 2x − 2t = uχ(F ). Thus, x = 2 − 2t − uχ(F ) 2.
Let ← − α , ← − β , − → α and − → β be the copies of the circle S 1 . Let
be the 2 by 2 matrix such that p, q, r, s ∈ Z, q = 0 and ps − qr = −1. With respect to the matrix J, the basis
In the rest of this paper, when we say we glue the torus ← − T to the torus − → T via matrix J, we mean that the gluing map is the homeomorphism h.
Constructing horizontal surfaces
In this section, we will construct a closed simple graph manifold N and a collection of horizontal surfaces {S n N } such that when we pass to a specific subsequence then this subsequence satisfies the conclusion of Theorem 1.3. We also recall some facts from [HN17] that will be used in Section 5.
Lemma 4.1. There exists a closed simple graph manifold N such that for any n ∈ N, there exists a non-separable, horizontal surface g n : S n N with the following properties.
(1) The governor of g n : S n N is n = 2n + 1 (2) Let T be the union of the JSJ tori of N . There exists a simple closed curve γ n in S n such that the geometric intersection number of γ n and g −1 n (T ) is 2 and w(γ n ) = (2n + 1) 2 .
Proof. We first construct a simple graph manifold N with non-empty boundary, and a non-serable horiontal surface B n N (for each n) satisfying the conclusion of the lemma (we refer the reader to Figure 1 for an illustration.), and then obtain a closed simple graph manifold N and a closed surface S n by doubling N and B n along their boundaries respectively. The construction here is inspired from Example 2.6 in [RW98] . Let ← − F be the once punctured torus with the boundary circle denoted by ← − α . Let ← − β be the fiber factor of the trivial Seifert fibered space ← − F × S 1 . We denote the boundary torus of ← − F ×S 1 by ← − T 1 . We fix orientations of ← − F and ← − β . Let − → F be a twice punctured torus with two boundary circles denoted by − → α and − → α . Let − → β be the fiber factor of the trivial Seifert fibered space
Let J be the matrix 1 1 2 1 . Let N be the simple graph manifold obtained from gluing the boundary torus ← − T 1 of ← − F ×S 1 to the boundary torus − → T 1 of − → F × S 1 via the gluing matrix J. We note that N is a simple graph manifold because of [
and hence in 
Since the homeomorphism ← − T 1 → − → T 1 is the gluing matrix J, it follows that in
Let c 2,1 and c 2,2 be oriented simple closed curves in − → T 2 such that in
, c 2,1 and c 2,2 , there is a horizontal surface − → g :
and in 
(1, 2n + 2) Fix a point x in the interior of the subsurface − → B of B n . Let γ n be an oriented simple closed curve in B n such that starting from x the curve γ n intersects each circle c 1 and c 2 exactly once. The direction of γ n determines directed edges e 1 and e 2 in the graph Ω Bn . Applying Lemma 3.5 to the horizontal surface g : B n N together with equations ( * ) and ( †), we get that sl(e 1 ) = (2n + 1) 1 = 2n + 1 and sl(e 2 ) = (2n + 1) 1 = 2n + 1. Therefore, w(γ n ) = sl(e 1 ) · sl(e 2 ) = (2n + 1) 2 . We double the surface B n along its boundary to get a closed surface, denoted by S n . We also double the simple graph manifold N along its boundary to get a closed simple graph manifold, denoted by N . From the horizontal surface g : B n N , after doubling B n and N along their respective boundaries, we get a canonical a horizontal surface, denoted by g n : S n N . Furthermore, since w(γ n ) > 1 it follows that g n : S n N is non-seprable (see Remark 3.4). We note that the manifold N is a closed simple graph manifold with three Seifert blocks and S n is a closed surface with three pieces. We note that from the construction of g n : S n N , its governor is n = 2n + 1 and the simple closed curve γ n in S n has geometric intersection number with g −1 n (T ) is 2 where T is the union of JSJ tori in N .
To get into the proof of Theorem 1.3, we need several facts from Section 5 and Section 6 in [HN17] . Let {S j N } j∈N be the collection of non-separable, horizontal surfaces given by Lemma 4.1. We equip S j with a hyperbolic metric, and we equip N with a length metric. These metrics induce metrics on the universal coversS j andÑ , which are denoted by dS j and d respectively. In the following, for any two points x and y inÑ we denote [x, y] as a geodesic inÑ connecting x to y.
Let S n be the surface given by Lemma 4.1, and let γ n be the curve given by Lemma 4.1. Fact 4.2 below is extracted from Section 5 (lower bound of distortion) in [HN17] , it mainly follows from the proof of Theorem 5.1 in [HN17] .
Fact 4.2. Let γ n be the closed curve in the surface S n given by Lemma 4.1. Fix a point s 0 ∈ γ n such that s 0 belongs to a circle in the collection of circles in g −1 n (T ). We relabels 0 byx 0 . There exists a constants L ≥ 1 depending on the length of γ n , and a collection of paths ρ j j ∈ N inS n (the path ρ j is called "double spiral loop" in [HN17] ) such that the following holds.
(1) For each j ∈ N, we havex 0 = ρ j (0) andx j := ρ j (1) is an element in the orbit π 1 (S n , s 0 )(s 0 ). (2) For each j ∈ N, we have that [x 0 ,x j ] − {x 0 ,x j } passes through 4j − 1 Seifert blocks ofÑ . (3) For each j ∈ N, we have that
The following fact is extracted from Section 6 (upper bound of distortion) in [HN17] . It mainly follows from Claim 1 and Claim 2 in the proof of Theorem 6.1 in [HN17] . Proof. By Theorem 1.1 [KL97] , there exists a positive constant R > such that for any Seifert block B inÑ , there exists a Seifert block B inM such that the Hausdorff distance d H (B , ϕ(B)) ≤ R. Moreover, for any JSJ plane P inÑ , there exists a JSJ plane P inM such that d H (ϕ(P ), P ) ≤ R.
Let ρ > 0 be the infimum of the set of the distance of any two JSJ planes inM . We let D = 2R/ρ + 2. We are going to prove that k ≤ n + D.
Let P 0 and P n be the JSJ planes inÑ such that x ∈ P 0 and y ∈ P n . Let P 0 and P n be the JSJ planes inM such that d H (ϕ(P 0 ), P 0 ) ≤ R and d H (ϕ(P n ), P n ) ≤ R. It follows that there exist x ∈ P 0 and y ∈ P n such that d (ϕ(x), x ) ≤ R and d (ϕ(y), y ) ≤ R.
Let a be the number of Seifert blocks where [ϕ(x), x ] − {ϕ(x), x } passing through. Let b be the number of Seifert blocks where [ϕ(y), y ] − {ϕ(y), y } passing through. We note that the number of Seifert blocks where [x , y ] − {x , y } passing through is no more than n. Thus, k ≤ a + n + b.
Since ρ is the smallest distance of any two JSJ planes inM , we have
it follows that ρ a ≤ R + ρ and ρ b ≤ R + ρ . Hence a ≤ R/ρ + 1 and b ≤ R/ρ + 1. It follows that k ≤ n + a + b ≤ n + 2R/ρ + 2 = n + D.
Proof of the main Theorem
In this section, we give the proof of Theorem 1.3 by showing that there is a infinite collection of natural numbers F such that the collection of nonseparable, horizontal surfaces g j : S j N j ∈ F given by Lemma 4.1 satisfy the conclusion of Theorem 1.3.
Proof of Theorem 1.3. For each j ∈ N, let S j N be the non-separable, horizontal surface given by Lemma 4.1. Let γ j be the simple closed curve given by Lemma 4.1. Let j be the governor of the horizontal surface S j N . We note that j = 2j + 1 and w(γ j ) = (2j + 1) 2 by Lemma 4.1.
Let F be a infinite collection of natural numbers such that for any elements n and m in F we have (2m + 1) 2 < 2n + 1 whenever m < n (the existence of this collection is easy to see, for instance, we may define τ (j) inductively by letting τ (j + 1) = 2τ (j) + 1 2 + 1 and then we may let
To prove the theorem we only need to show that if n and m are two elements F such that m < n then π 1 (N ), π 1 (S n ) and π 1 (N ), π 1 (S m ) are not quasi-isometric. We prove this by contradiction. We briefly describe here how do we get a contradiction. Suppose that π 1 (N ), π 1 (S n ) and π 1 (N ), π 1 (S m ) are quasi-isometric, then we are going to show w(γ n ) ≤ 4 m . From this inequality and the facts j = 2j + 1 and w(γ j ) = (2j + 1) 2 , we get that 2n + 1 ≤ (2m + 1) 2 . Since m, n ∈ F and m < n, it follows that (2m + 1) 2 < 2n + 1. The contradiction comes from two inequalities 2n + 1 ≤ (2m + 1) 2 and (2m + 1) 2 < 2n + 1.
We fix a finite generating set A n of π 1 (S n ), a finite generating set A m of π 1 (S m ) and a finite generating set S of π 1 (N ) so that A n ⊂ S and A m ⊂ S. We note that S depends on the choice of m and n. Assume that π 1 (N ), π 1 (S n ) and π 1 (N ), π 1 (S m ) are quasi-isometric, it follows that Ñ ,S m and ( Ñ ,S n are quasi-isometric by Lemma 2.9. Hence, there exists a positive constant
Let L ≥ 1 be the constant given by Fact 4.2 with respect to the horizontal surface S n N . Let L ≥ 1 be the constant given by Fact 4.3 with respect to the horizontal surface S m N . Let A = max{L, L , L 1 }. Let x j j ∈ N be the collection of points given by Fact 4.2. Let D be the constant given by Lemma 4.4. We first claim that
Indeed, From Fact 4.2 we have
Using the above inequality and the fact ϕ is a (A, A)-quasi-isometry, we get that
We recall that [x 0 ,x j ]−{x 0 ,x j } passes through 2j Seifert blocks ofÑ . Let [ϕ(x 0 ), ϕ(x j )] be a geodesic inÑ connecting ϕ(x 0 ) to ϕ(x j ). Let k be the number of Seifert blocks ofÑ where [ϕ(x 0 ), ϕ(x j )] − {ϕ(x 0 ), ϕ(x j )} passes through. By Lemma 4.4, we have that k ≤ 2j + D. Using Fact 4.3, the above inequality d ϕ(x 0 ), ϕ(x j ) ≤ A 2 j + A 2 + A, and k ≤ 4j + D we get 6. Appendix
In this section, we give an evidence supporting Conjecture 1.4 by showing that other geometric invariants in literature such as subgroup distortion, kvolume distortion, relative upper divergence, relative lower divergence could not be used to distinguish quasi-isometry of pairs of separable, horizontal surfaces in graph manifolds.
6.1. k-volume distortion. k-volume distortion (k ≥ 1) is a notion introduced by Bennett [Ben11] . We remark that this notion agrees with subgroup distortion when k = 1 and area distortion (introduced by Gersten [Ger96] ) when k = 2. We refer the reader to [Ben11] for a precise definition of k-volume distortion.
Proposition 6.1. Let S N be a separable, horizontal surface in a graph manifold N . Then the k-volume distortion of π 1 (S) in π 1 (N ) is quadratic when k = 1, is linear when k = 2 and is trivial when k ≥ 3.
Proof. 1-volume distortion (i.e, subgroup distortion) of π 1 (S) in π 1 (N ) is quadratic (see [HN17] ). We are going to show that 2-volume distortion (i.e, area subgroup distortion) of π 1 (S) in π 1 (N ) is linear. Indeed, the paragraph after Proposition 5.4 in [Ger96] shows that if the Dehn function of π 1 (S) is linear then 2-volume distortion of π 1 (S) in π 1 (N ) is linear. Since Dehn function of the fundamental group of a hyperbolic surface is linear. The claim is confirmed. Finally, we consider the case k ≥ 3. Since there is no k-cell in the universal coverS, it follows from the definition of k-volume distortion that k-volume distortion (k ≥ 3) of π 1 (S) in π 1 (N ) is trivial.
6.2. Relative divergence. In [Tra15] , Tran introduces the notions of relative upper divergence and relative lower divergence of a pair of finitely generated groups H ≤ G, denoted by Div(G, H) and div(G, H) respectively, and shows that relative upper divergence and relative lower divergence are quasiisometric invariants (see Proposition 4.3 and Proposition 4.9 in [Tra15] ). Since relative upper divergence and relative lower divergence are quite technical and we only use results established in [Tra15] , [Tra17] , we refer the reader to [Tra15] for a precise definition.
Proposition 6.2. Let g : (S, s 0 ) (N, x 0 ) be a separable, horizontal surface in a graph manifold N . Let G = π 1 (N, x 0 ) and H = π 1 (S, s 0 ). Then Div(G, H) is quadratic and div(G, H) is linear.
If a horizontal surface g : S N is separable then there exist finite coverŝ S → S andN → N such thatN is anŜ-bundle over S 1 (see [WY97] ). Relative upper divergence and relative lower divergence are unchanged when passing to subgroups of finite index, so for the rest of this section, without of loss generality we assume the graph manifold N fibers over S 1 with the fiber S. We remark that N is the mapping torus of a homeomorphism f ∈ Aut(S). In particular, if we let G = π 1 (N ) and H = π 1 (S), then G = H φ Z, where φ ∈ Aut(H) is an automorphism induced by f . We note that that the distortion of π 1 (S) in π 1 (N ) is quadratic as S is embedded in N .
The proof of Proposition 6.2 is a combination of Lemma 6.3 and Lemma 6.6.
Lemma 6.3. Div(G, H) is at most quadratic and div(G, H) is linear.
Proof. We note that G = H φ Z, where φ ∈ Aut(H). We fix finite generating sets A and B of H and G respectively. By Proposition 4.3 in [Tra17] we have Div(G, H) ∆ G H . Since H is quadratically distorted in G, it follows that Div(G, H) n 2 .
To see that div(G, H) is linear, it suffices to show div(G, H) is dominated by a linear function (because div(G, H) is always bounded below by a linear function). Since H is a normal subgroup in G, by Theorem 5.4 in [Tra15] we have div(G, H) dist G H where dist G H (n) = min |h| A h ∈ H, |h| B ≥ n . We fix a circle c in g −1 (T ) where T is the collection of JSJ tori of N . Let K = π 1 (c). We note that K is undistorted in G. By Theorem 3.6 and Proposition 3. The following lemma is proved implicitly in [Tra17] . We use it in the proof of Lemma 6.6. Lemma 6.5. Suppose that there exists an element h in H with infinite order such that the map α : Z → G determined by α(n) = h n is an (L, C)-quasiisometric embedding. Then Div(α) Div(G, H).
Lemma 6.6. Div(G, H) is at least quadratic.
Proof. We equip N with a Riemannian metric and this metric induces a metric on the universal coverÑ , denoted by d. We equip S with a hyperbolic metric and this metric induces a metric on the universal coverS, denoted by dS.
Let T be the JSJ decoposition of N . Choose a geodesic loop γ such that γ and g −1 (T ) has non-trivial geometric intersection number (see Lemma 3.3 in [HN17] for the existence of such a loop γ). We also assume that s 0 ∈ γ. Let h = [γ] ∈ π 1 (S, s 0 ). We note that h has infinite order. Let α : Z → G be determined by α(n) = h n , and let β : Z →Ñ be determined by β(n) = h n ·s 0 for each n ∈ Z. We will show that β is a quasi-geodesic and Div(β) is at least quadratic and thus it follows that α is a quasi-geodesic and Div(α) is at least quadratic. We then apply Lemma 6.5 to get that Div(G, H) is at least quadratic.
We are going to show β is a quasi-geodesic. Letγ be the path lift of γ based ats 0 . Let k be the number of Seifert blocks ofÑ whereγ passes
